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Abstract

Two modes of decrease in load bearing capacity of granular materials are discussed in view of experimental results.
Both relate to the fact that frictional materials exhibit nonassociated plastic flow and they undergo considerable volume
changes, either contraction or dilation. One mode consists of the instability that may occur in certain regions of stress
space and potentially result in liquefaction of the granular material. It is the fact that loading of contracting soil (re-
sulting in large plastic strains) can occur under decreasing stresses that may lead to unstable behavior under undrained
conditions. As long as the soil remains drained, it will remain stable in the region of potential instability. The other
mode is initiated by localization of plastic strains and subsequent development of shear bands, which in granular
materials is followed by a decrease in load bearing capacity. These two modes are mutually exclusive and they occur for
different loading and material conditions as discussed here on the basis of experimental observations. © 2002 Elsevier
Science Ltd. All rights reserved.
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1. Introduction

Several modes of decrease in load bearing capacity, often referred to as failure, have been identified from
experiments on granular materials. The strength of granular materials is primarily proportional with the
effective confining pressure, and the load bearing capacity therefore decreases with decreasing confining
pressure. Reduction in effective confining pressure may be caused by increasing pore pressure and will result
in failure. Another well-known mode is the smooth peak failure occurring at constant confining pressure in
which the internal structure of the granular material is loaded and deformed sufficiently to cause collapse of
load bearing chains of particles. The resulting reduction in load bearing capacity is characterized as ma-
terial softening, and it involves macroscopically uniform deformations and stresses such that the granular
material can be characterized as a continuum.

Two additional modes of decrease in load bearing capacity have been observed. Both relate to the fact
that frictional materials exhibit nonassociated plastic flow and they undergo considerable volume changes,
either contraction or dilation. One mode consists of the instability that may occur in certain regions of
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stress space and potentially result in the well-known phenomenon referred to as liquefaction. Another mode
is initiated by localization of plastic strains and subsequent development of shear bands, which in granular
materials is followed by a decrease in load bearing capacity. These latter two modes are mutually exclusive
and they occur for different loading and material conditions as discussed here on the basis of experimental
observations.

Results of previously performed series of triaxial compression tests designed to expose the type of be-
havior displayed by granular materials have shown that materials that exhibit nonassociated flow do not
obey the stability postulates by Drucker and Hill. Triaxial tests on fully saturated and partly saturated
specimens of sand have been performed under drained and undrained conditions to study the regions of
stable and unstable behavior. Granular materials may become unstable inside the failure surface if the state
of stress is located between the instability line and the failure surface for the material. Thus, instability is
not synonymous with failure, although both may lead to catastrophic events such as gross collapse of earth
structures. Conventional slope stability methods do not capture the mechanics of instability and subsequent
liquefaction that may occur in gently inclined submarine slopes, in tailings dams, and in earth and snow
avalanches. It is the fact that loading of a contracting soil (resulting in large plastic strains) can occur under
decreasing stresses that leads to unstable behavior under undrained conditions. Loose, fine sands and silts
have sufficiently low hydraulic conductivities that small disturbances in load or even small amounts of
volumetric creep may temporarily produce undrained conditions in such soils, and instability of the soil
mass follows. As long as the soil remains drained, it will remain stable in the region of potential instability.

The occurrence of shear banding in the plastic hardening regime limits the strength of the soil. Shear
banding occurs in the softening regime in conventional triaxial compression tests. However, true triaxial
tests have been performed to study the effect of shear banding on failure in the full range of the intermediate
principal stress. The experiments show that the strength increases as b = (6, — 03)/(0) — 03) increases from
0 to about 0.18, then remains almost constant until b reaches 0.85, and then decreases slightly at b = 1.0.
Shear banding initiates in the hardening regime for h-values of 0.18-0.85. Thus, peak failure is caused by
shear banding in this middle range of b-values, and a smooth, continuous three-dimensional failure surface
is therefore not obtained in general for soils. Analysis based on theoretical conditions and experimental
results agree on the occurrence of shear banding and its consequent effect on the three-dimensional failure
conditions for soil.

2. Instability

Experimental evidence from tests on several types of soils have clearly indicated that the use of con-
ventional associated flow rules in formulation of elasto-plastic constitutive models results in prediction of
too large volumetric expansion. To characterize the volume change correctly, it is necessary to employ a
nonassociated flow rule. The plastic potential surfaces do therefore not coincide with the yield surfaces, but
the two families of surfaces cross each other.

The application of nonassociated flow rules for soil have resulted in questions regarding uniqueness and
stability of such materials. The stability postulate for time-independent materials due to Drucker (1951,
1956, 1959) is satisfied provided that associated plastic flow is employed in construction of constitutive
models involving convex, plastic yield surfaces. Hill’s stability condition (Bishop and Hill, 1951; Hill, 1958)
is expressed in terms of total strain increments (elastic and plastic), and it extends the condition for stability
a little beyond that due to Drucker. Theoretical considerations have suggested that they are not necessary
conditions (Mroz, 1963; Mandel, 1964).

Experiments to study whether or not granular materials are unstable under certain load conditions have
been performed. In these studies instability was taken to be the inability of the material to sustain or carry a
given load. This includes the inability to sustain small perturbations in the load. Several series of triaxial
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compression tests designed and performed to expose the type of behavior displayed by granular materials
are reviewed. The results of these experiments show that a positive value of the second increment of plastic
work is neither a necessary nor a sufficient condition for stability of granular (frictional) materials. Ex-
perimental observations of stability and instability are reported, and stability conditions for materials with
nonassociated flow are presented.

2.1. Stability postulates

Stability as formulated by Drucker (1951, 1956, 1959) contains two elements as expressed by plastic
work increments:

AW, — AWy = (03 — 07); = 0 (1)

dZVVP == é',‘jé,‘j 2 O (2)

in which ¢;; is a stress state on the yield surface, o} is a stress state inside the yield surface, g;; is stress
increment starting at ¢;; causing plastic strain increment &;.

Eq. (1) is commonly referred to as stability in the large, and it implies that the yield surface must be
convex. Eq. (2) is referred to as stability in the small, and it is fulfilled if the plastic strain increment vector
is normal to the yield surface. This implies that the plastic potential surface is identical to the yield sur-
face, so that when yielding occurs, the plastic strain increment is normal to the yield surface. Therefore,
Drucker’s stability postulates imply associated flow rules, and they are applicable for solid metals, which
can be reasonably characterized by associated flow rules.

Eq. (2) has often been taken to define stable and unstable behavior. If the condition is satisfied for any
stress increment, then the material is unconditionally stable. The material may be conditionally stable, if
Eq. (2) is fulfilled for some stress increments and not for others. The material will be completely unstable if
Eq. (2) is not satisfied for all possible stress increments. Eq. (2) is always negative for the condition fol-
lowing peak failure, which results in complete instability.

Bishop and Hill (1951) and Hill (1958) extended the condition for stability slightly beyond that proposed
by Drucker by expressing it in terms of total strain increments:

I PPN Py - e J
dw = O';jsi/ = O-ij(‘gl:/' + gij) = O';jsl:/- + O';jsij =0 (3)

in which sl‘j is the total strain increment, and sf] 1s the elastic strain increment.

Stability postulates developed by Drucker, and by Bishop and Hill provide sufficient conditions to
ensure stability. However, theoretical considerations by Mroz (1963), Mandel (1964), and Nemat-Nasser
(1983) have suggested that they are not necessary considerations for stability.

Experimental evidence for soils has generally indicated that conventional associated flow rules consis-
tently predict too large volumetric dilation, which is indicated by the condition that the plastic strain in-
crement is not normal to the yield surface. Therefore, proper soil constitutive models need incorporate
nonassociated flow rules, in which there is a separate plastic potential surface, which is not coincidental
with the yield surface.

2.2. Consequences of nonassociated flow

A typical pattern of yield surfaces for an isotropic soil is shown on the triaxial plane in Fig. 1. In three
dimensions these yield surfaces are shaped as asymmetric tear drops. For an isotropic material the yield
surfaces intersect the hydrostatic axis at right angles, they bend smoothly backwards towards the origin,
and they cross the failure surface at sharp angles.
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Fig. 1. Pattern of yield surfaces for isotropic soils. Stress path for conventional triaxial compression test (BC).

Plastic potential surfaces for nonassociated flow have similar shapes as yield surfaces, but the two
families of surfaces cross each other. Experimental evidence for granular materials indicate that the plastic
potential surfaces have more pointed ends and they resemble cigars with asymmetric cross-sections. A
typical plastic potential surface is shown at point A in Fig. 1.

The shaded wedge between the yield surface and the plastic potential surface defines a region in which
Eq. (2) is not fulfilled, because a stress increment starting at point A and contained in this wedge will
produce a negative scalar product. With a negative scalar product Drucker’s stability postulate indicates
that the material should exhibit unstable behavior. However, drained experiments show that the sand is
perfectly stable at stress points where the normal to the yield surface points in the outward direction of the
hydrostatic axis. For this condition the deviator stress can be safely increased to produce further plastic
shear strains (work-hardening). In other words, the sand can sustain higher loads and behave in an inelastic
manner without undergoing any instability or collapse.

Instability may occur when the yield surface opens up in the outward direction of the hydrostatic axis.
This allows plastic strains (loading) to occur while the stresses are decreasing. Here loading occurs inside
the failure surface and instability may develop in the form of inability to sustain the current deviator
stresses.

Fig. 1 shows the stress path for a conventional triaxial compression test performed at constant confining
pressure. As the specimen is loaded from B to C the inclination of the yield surface changes. At low deviator
stresses near point B, the yield surface is inclined towards the outwards direction of the hydrostatic axis. As
loading proceeds, the inclination of the yield surface changes gradually and becomes inclined towards the
origin as failure is approached at point C. It is in this region of high deviator stresses where the yield surface
is inclined toward the origin that instability may occur. This region is indicated in Fig. 2.

Fig. 2 shows a wedge between the current yield surface f and the plastic potential surface g corresponding
to the current stress point. For a dilating material this wedge shaped region is located within a larger region
bounded by lines corresponding to (¢ /d%) = const. and (¢, — g3) = const. All stresses, including the stress
difference, are decreasing within the wedge between f and g, but the stress ratio (g} /g%) is increasing in this
region. By performing triaxial tests with stress paths located in this region, experimental evidence regarding
the instability of materials with nonassociated flow can be obtained.

It is important to recognize that the material behavior obtained for stress paths within the shaded wedge
in Fig. 2 corresponds to work-hardening with positive plastic work, dW, > 0, and outward motion of the
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Fig. 2. Wedge-shaped region of stress paths with decreasing stresses in which soils with nonassociated flow may be unstable during
hardening inside the failure surface.

yield surface. Although the stresses in any direction within the wedge are decreasing, failure has not been
reached and softening of the material is therefore not occurring.

2.3. Stability in drained compression

Several series of triaxial compression tests were performed to study stability and instability in granular
materials. The details of these experiments are given by Lade et al. (1987, 1988) and by Lade and Pradel
(1990).

To demonstrate that nonassociated plastic flow is obtained for granular materials, the results of a
drained triaxial test on fine silica sand are shown in Fig. 3. This test was performed with a stress path inside
the failure surface involving primary loading (hardening) with decreasing stress difference (o, — g3) and
decreasing confining pressure g;. If stresses and strain increments are plotted on the same diagram, as in
Fig. 3(b), the direction of the plastic strain increment vector is uniquely determined from the state of stress,
and it is independent of the stress path leading to this state of stress as shown by Poorooshasb et al. (1966)
and Lade and Duncan (1976). The stress path with decreasing stresses, shown in Fig. 3(b), is so steep as to
form an obtuse angle (f — ) = 110° with the direction of the plastic strain increment vector. Thus, the
condition in Eq. (2) is violated.

The fact that plastic yielding is occurring along the stress path with decreasing stresses is seen from the
stress—strain curve in Fig. 3(a). Section BC on the stress path is labeled similarly on the stress—strain curve
which indicates large plastic strains between B and C. Since the yield surface is being pushed out, it must be
steeper than the stress path direction BC. If it were less steep, so as for example to be perpendicular to the
plastic strain increment vector thereby indicating associated flow, then point C would be inside the yield
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Fig. 3. (a) Stress—strain and volume change curves and (b) stress path and plastic strain increment vectors for test on fine silica
sand.

surface passing through point B corresponding to unloading from B to C. This would contradict the large
plastic strains shown in Fig. 3(a). Consequently, the yield surface must be steeper than stress path BC, and
nonassociated plastic flow is therefore clearly indicated.

In order to expose the potential instabilities in soil behavior that might occur for the stress paths in the
prefailure region described earlier (see Fig. 2), it is necessary to perform triaxial tests under stress control. A
series of drained tests similar to that shown in Fig. 3 was therefore performed under stress control (Lade
et al., 1987). In fact, the test shown in Fig. 3 is one of these tests. Seven experiments were performed. They
all exhibited plastic dilation, and they all clearly showed nonassociated flow. When the sand specimens were
exposed to stress paths in the region of potential instability, none was observed, i.e. run-away instability was
not encountered. The tall cylindrical specimens with lubricated ends deformed as perfect right cylinders
with no developing shear bands, no bulging or shearing in a nonuniform manner, or any other signs of
instability. Little but negligible creep was present in the sand specimens. Thus, stable behavior was observed
in the region in which Drucker’s stability postulate was violated.

Regardless of the ability to define yield surfaces from experiments, the fact remains that negative values
of d*W, are obtained from direct experimental measurements. The fact that the specimens remained stable
implies that the behavior is not strain softening, i.e. the peak strength has not been exceeded. Therefore, to
model this behavior through any type of normality would require a serious departure from plasticity
theory.

In order to investigate whether the type of volume change (dilation or contraction) was important for
stability of granular soils, a second series of tests was performed on sand that contracted during shear (Lade
and Pradel, 1990). Drained tests with stress paths within the shaded wedge shown in Fig. 2 were performed
on loose sand that exhibited contraction during shear. Although Drucker’s stability condition was violated
inside the failure surface, none of the specimens showed any signs of run-away instability.

The results of these two series of triaxial compression tests demonstrated that drained conditions
produced stable behavior irrespective of (1) the sign of the second increment of work (2) the sign of the
volumetric strain (dilation or contraction), and (3) the sign and direction of the increments in stress
components. Thus, under fully controlled conditions such as those prevailing for drained conditions, un-
stable run-away situations cannot occur. These results therefore clearly show that Drucker’s stability
postulate is not a necessary condition for stability.
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Fig. 4. Effective stress paths for stress-controlled triaxial compression tests on loose Sacramento River sand.

2.4. Instability in undrained compression

On the other hand, fully saturated soils that tend to contract during shear may become unstable inside
the failure surface and this may lead to liquefaction. A series of stress controlled tests was performed on
granular soil that tended to contract during shear (Lade et al., 1988). The specimens were exposed to stress
paths within the shaded wedge shown in Fig. 2. Fig. 4 shows the actual stress paths followed in these tests,
and Fig. 5 shows the observed stress—strain, volume change, and pore pressure development in one of the
tests. In each test the saturated specimen was first loaded under drained conditions to a preselected stress
level S (expressed as the ratio of the current to the maximum stress difference at a given confining pressure).
The drainage valve was then closed and instability developed in each specimen due to increasing pore
pressure, i.e., the specimens could not sustain the applied load. The tendency for volumetric creep, however
small it may be, caused the pore pressure to increase under undrained conditions, providing the small
perturbation which rendered the material unstable. However, the large strains observed along the unstable
stress paths could not be caused by creep or viscous flow as shown by Lade et al. (1988). The effective stress
paths shown in Fig. 4 were within the shaded wedge in Fig. 2, the specimens exhibited nonassociated flow
and plastic volumetric contraction (although the total volumetric strain was zero), and instability was
obtained in all cases in the hardening regime inside the failure surface.

In the studies presented here instability was taken to be the inability to sustain or carry a given load,
which includes the ability to sustain small perturbations in the loads. However, the possibility that in-
stability might manifest itself as localization of plastic deformation and development of shear planes or in
any other way was not overlooked. The specimens were therefore inspected after the tests (they were
enclosed in a steel walled triaxial apparatus and could not be observed during the tests) at which time they
had sustained 15-30% axial strain. The instabilities were induced at axial strain of 2.8-5.3%. Thus, sub-
stantial amounts of strain had occurred after the instabilities were induced. Nevertheless, the specimens
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Fig. 5. Stress—strain, volume change, and pore pressure relations in stress-controlled triaxial compression test on loose Sacramento
River sand.

had bulged only slightly and there were no visible shear planes. In fact, a uniform distribution of horizontal
wrinkles in the membrane was observed after each tests, thus revealing a fairly uniform pattern of inter-
nal strains in the specimens. Instability did not appear to be associated with localization of plastic de-
formations and consequent shear banding of the type discussed by Lade (1982) and Peters et al. (1988).
This is consistent with previous observations that shear planes are not observed in soils that contract
(Lade, 1982).

2.5. Observations for partly saturated sand

Stress paths with only one particular direction is obtained from undrained tests on fully saturated soils at
each particular stress state, as shown in Fig. 4. In order to study the soil behavior for other stress path
directions under undrained conditions, a series of tests, similar to those described above, was performed on
specimens with decreasing degree of saturation (Lade and Pradel, 1990). By purposely introducing a
controlled amount of compressible air into the specimens, the undrained effective stress paths could be
pointed in different directions within the shaded wedge in Fig. 2. The specimens in the tests in which the
effective stress paths were inside the shaded wedge exhibited unstable behavior. Tests with stress path above
the shaded wedge, created by introducing an amount of air in the specimen greater than critical, indicated
stable behavior.

The conclusions from the experiments are that sand that tends to contract can become unstable if the
degree of saturation is sufficiently high and if the drainage condition is changed from drained to undrained.
This may occur in fine sands and silts in which the hydraulic conductivity is relatively low, thus enhancing
the undrained condition in the presence of relatively fast loading conditions.
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2.6. Instability of dilating sand

In a discussion of the experimental results reported above, Peters (1991) suggested that even dilating
sand may become unstable: if a rate of volumetric expansion were imposed on an element of granular
material and this rate exceeded the rate of expansion exhibited by the material, then the effective confining
pressure would decrease and the element would become unable to sustain the current, applied shear stress.
According to the definition, the material element would become unstable. Thus, a rate of volume change
(whether positive, zero, or negative) imposed on a material element could cause it to become unstable
depending on the rate of volume change exhibited by the soil itself (contraction of dilation). The soil ex-
hibits an inherent rate of volume change at a given point in stress space (as determined from the direction of
the plastic strain increment), but small variations in rate of volume changes are associated with the stress
path direction. This is because the total volume change consists of plastic and elastic contributions, and the
latter is dependent on the stress path direction. Thus, to study this hypothesis experimentally, a series of
triaxial compression tests was performed with appropriate test conditions. The results confirm the sug-
gestion that even dilating sand may become unstable (Lade et al., 1993).

Another test was performed differently from the previous experiments. Instead of reducing the effective
confining pressure through injection of water and consequent increase in pore pressure, the test was per-
formed in a drained condition and the total confining pressure was reduced. The specimen was unable to
hold the load, i.e. it behaved in an unstable manner. Thus, instability of the specimen is conditional on a
progressive reduction in effective confining pressure. The similarity between these test results indicates that
instability of dilating sand can be produced by decreasing effective confining pressure whether it is caused
by increasing pore pressure or decreasing total confining pressure.

2.7. Conditions for stability and instability

The stability of granular materials which exhibit nonassociated flow has been investigated on the basis of
experimental observations. Several series of triaxial compression tests designed to expose the type of be-
havior exhibited by granular materials were performed. The variables in these studies were the sign of the
second work increment (positive or negative), the volumetric strain behavior (contraction or dilation), the
constraints on the volumetric behavior (free or controlled), and the degree of saturation (fully or partly
saturated).

If physical instability is defined as a condition for which the current, applied shear stress cannot be
sustained for perturbations in the state of stress, then contractive as well as dilative materials may be
considered to be unstable in the region where the yield surface opens up in the outward direction of the
hydrostatic axis. In this region, plastic strains can be produced under decreasing stresses. For undrained
conditions and contractive material, the instability is self-sustaining and unconditional, i.e. it is not de-
pendent on conditions outside the soil element. For drained conditions, the instability is conditional, i.e. the
decrease in load carrying capability depends on the reduction in effective confining pressure. This reduction
may occur as a decrease in total confining pressure or as an increase in pore pressure caused by injection of
water into the soil element.

Figs. 6 and 7 show schematic diagrams of the conditions for stability and instability of contracting and
dilating granular materials. The shear stress is represented by the stress deviator invariant J; and the mean
normal stress is indicated by the stress invariant I;. The generic yield surfaces, f, and plastic potential
surfaces, g, cross each other at points (A) where the yield surfaces open up in the outward direction of the
hydrostatic axis. Stability is obtained when J; is constant or increases, whereas instability occurs when J;
decreases. The signs of the second increment of work d*/ can be negative in the region of stability, whereas
d*W can be positive in the region of instability for dilating material. The stability postulates by Drucker and
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by Hill therefore provide neither necessary nor sufficient conditions for stability of granular (frictional)
materials.

2.8. Region of potential instability

It is the fact that loading of a contracting soil (resulting in large plastic strains) can occur under de-
creasing stresses that leads to unstable behavior under undrained conditions. Loose, fine sands and silts
have relatively low hydraulic conductivities, and small disturbances in load or even small amounts of
volumetric creep may produce undrained conditions in such soils, and instability of the soil mass follows.
As long as the soil remains drained, it will remain stable in the region of potential instability.

When the condition of instability is reached, the soil may not be able to sustain the current stress state.
This stress state corresponds to the top of the current yield surfaces as shown schematically on the p/ — ¢
diagram in Fig. 8. Following this top point the soil can deform plastically under decreasing stresses. The top
of the undrained effective stress path, corresponding to (o7 — 03),,,,, Occurs slightly after but close to the
top of the yield surface. The difference is due to the additional stability provided by the elastic strains, as
expressed in Eq. (3).
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Fig. 9. Schematic diagram of location of instability line in p’ — g diagram.

In order for a granular material to become unstable, the state of stress must be located on or above the
instability line. Fig. 9 shows a schematic p’ — ¢ diagram in which the line connecting the tops of a series of
effective stress paths from undrained tests on loose soil provides the lower limit of the region of potential
instability. In the region above this instability line the soil can deform plastically under decreasing stresses.
Experiments show that this line is straight. Since it goes through the top points of the yield surfaces which
evolve from the origin, as shown in Fig. 1, the instability line also intersects the stress origin. Fig. 9 also
shows a region of temporary instability which is located in the upper part of the dilating zone. It is a region
where instability may initially occur, but conditions allow the soil to dilate after the initial instability, thus
causing the soil to become stable again. For very loose soils the region of potential instability reaches down
to the origin of the stress diagram.

2.9. Instability versus failure

Instability and failure are two different behavior aspects of soils which exhibit nonassociated flow (Lade,
1989). Although both may lead to catastrophic events, they are not synonymous. However, two criteria for
“failure” are commonly used in geotechnical engineering for interpretation of results of triaxial tests on
soils: (1) failure occurs when the stress difference reaches a limiting value, (o; — 03),,,. and (2) failure
occurs when the effective principal stress ratio reaches a limiting value, (¢}/d%),,.,- The two conditions are
reached simultaneously in drained tests. The confusion as to the definition of failure arises in interpretation
of undrained tests on loose sands and sensitive clays in which the pore pressures increase monotonically
during shear. For these types of soils the maximum stress difference is reached before the maximum effective
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stress ratio. The choice of failure criterion varies with the purpose for which the strength is to be used.
Typically, (o1 — 03),,,. 1S employed in total stress analyses, and (¢}/d%),,., 1S used in effective stress ana-
lyses. These issues have been discussed at length by e.g. Bjerrum and Simons (1960), Seed et al. (1960), and
Whitman (1960).

Based on the presentation above, it is clear that the condition of maximum stress difference does not
correspond to a true failure condition, i.e. it occurs inside the failure surface. Rather, it corresponds to a
condition of minimum stress difference at which instability may develop inside the true failure surface.
Stress states can be reached above the minimum stress difference condition described by (o, — 73) ., and
instability can be induced anywhere between the (o, — 03),,,,-condition and the true failure surface de-
scribed by (d/0%),..«- Therefore, a failure condition expressed in terms of the maximum stress difference
obtained from e.g. undrained tests initiated at the hydrostatic axis (see Fig. 9) would clearly underestimate
the true effective strength of the soil.

Material models which employ associated plastic flow rules must assume the failure surface to go
through the point at which instability is produced. This is because stability is guaranteed according to
Drucker’s and Hill’s stability conditions until the failure surface is reached, at which instability ensues. But
then stable loading to higher stress differences, which is clearly possible, could not be predicted by such
models. Further, since instability as well as stability can be obtained at any point in the region above the
line defined by the maximum stress differences in Fig. 9, it is not possible to define any one consistent failure
surface to be used in a model which incorporates associated flow.

3. Shear banding

The type of instability discussed above is not the same as that manifesting itself by shear bands. During
the performance of the triaxial compression test shown in Fig. 10, the specimen was carefully observed for
early detection of developing shear planes. The location on the stress—strain curve at which the first ob-
servation of a shear plane was made is indicated on the diagram. Considerable straining beyond the peak
failure point may be required before shear bands occur in compression tests. The stress—strain curve clearly
shows a drop in strength and the rate of dilation diminishes substantially immediately before the shear
plane becomes visible. Thus, the reduced rate of dilation appears to be associated with the occurrence of the
shear band and the achievement of critical state conditions within the shear plane in the compression test.
Once a shear band has developed fully, the stresses and the volume changes tend to level off, the specimen
outside the developing shear band unloads elastically, and the material inside the shear band loosens up to
the critical void ratio (Desrues et al., 1996) and rapidly becomes weaker than the remaining major parts of
the specimen.

Experimental results with respect to the formation of shear banding under generalized principal stress
conditions are available from only few previous studies (e.g. Arthur et al., 1977; Arthur and Dunstan, 1982;
Vardoulakis, 1980; Desrues et al., 1985, 1996; Yoshida et al., 1993; Finno et al., 1996, 1997). On the basis of
radiographic studies Finno et al. (1996, 1997) pointed to the existence of complex patterns of density
fluctuations and early development of strain localizations as precursor to shear banding within plane strain
specimens, in which the external deformation apparently continued homogeneously.

Development of shear bands in triaxial compression occurs after peak failure and results in further
decrease in strength. This behavior appears to be associated with dilation of the sand. Shear bands are not
observed in loose specimens that contract during shear. Loose specimens deform uniformly throughout the
entire stress—strain relationship. Fig. 11 shows a critical state diagram for triaxial compression tests on
granular materials in which the conditions for stable and unstable behavior as well as for development of
shear bands are summarized. Several investigators (Peters et al., 1988, Hettler and Vardoulakis, 1984,
Molenkamp, 1985) have shown that the plastic hardening modulus H is required to reach a critical value H,



P.V. Lade | International Journal of Solids and Structures 39 (2002) 3337-3357 3349

(o-1 - o3l (kg/cmz)

VISIBLE SHEAR

oL 7 /PLANE
3
SANTA MONICA BEACH SAND
2 ¢ :
&=0613 D, =89.3%
. HID=2.66  o3=0.96 kg/cm?
l €q (%)
0
0 5 10
vol
0.75 |- VO!D RATIO VISIBLE SHEAR

0.70

0.65

Fig. 10. Stress—strain relation and void ratio change from triaxial compression test exhibiting strain-softening and development of

shear plane.

} Before Peak Failure:

Tendency for Compression
Unstable Behavior Possible
(May Lead to Liquefaction)

Limited Unstable Behavior Possible

o

Before Peak Failure:
Tendency for Dilation
Stable Behavior

€

Void Ratio, e

After Peak Failure: H >H, <0

a
—> No Shear Planes

Critical State Line

After Peak Failure: H < H,< 0 —> Shear Plane Development

Effective Confining Pressure, o3
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for development of shear planes. For triaxial compression conditions the critical hardening modulus has to
reach a certain negative value before shear planes can develop. This finding is supported by the test results

shown in Fig. 10, and it is indicated on Fig. 11.
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It appears from these results and from the experimental observations presented above that the type of
instability resulting in shear planes is not the same as that discussed in connection with the stability/in-
stability issue presented here. Based on the experimental observations, the two types of instability appear to
be mutually exclusive, i.e., shear planes are observed after peak failure in granular materials that dilate, and
these materials are perfectly stable for all possible stress path directions before the failure surface has been
reached. On the other hand, shear planes are not observed in granular materials that contract during shear,
but they can become unstable for certain stress-path directions inside the failure surface.

Comparison of stress—strain relations from triaxial and plane strain tests on sand indicates that the three-
dimensional stress condition has a significant influence on the formation of shear bands and therefore on
the strength of the sand. Peters et al. (1988) found that shear banding can occur in the hardening regime of
the stress—strain relationship for sand under plane strain conditions. This experimental finding agrees
with the theoretical conclusion by Rudnicki and Rice (1975) for materials with nonassociated plastic
flow. On the other hand, shear banding in triaxial compression and extension appears to be a post-peak
phenomenon, though it occurs much closer to peak failure in triaxial extension. The fact that peak failure in
plane strain tests is associated with the occurrence of shear banding makes it crucial to determine whether
failure occurs as a smooth peak or is induced by shear banding over an extended range of intermediate
principal stresses.

Experimental studies of shear banding in true triaxial tests have been performed with a modified version
of Lade and Duncan’s cubical triaxial device (1973). The three-dimensional strength characteristics and the
influence of shear banding on failure were studied and the peak strengths are compared with the failure
criterion proposed by Lade (1977) and the Mohr—Coulomb failure criterion. Quantitative comparisons are
made between the critical conditions for shear band formation obtained from the experiments and from
theoretical considerations and expressed by the dimensionless hardening parameter H./E immediately prior
to the onset of shear banding. Here F is the elastic modulus of the soil.

3.1. Experimental procedures

The cubical triaxial apparatus shown in Fig. 12 and described by Lade and Duncan (1973) was modified
for this study. Tests were performed on tall prismatic specimens, 76 mm wide, 76 mm long, and 188 mm
high with a height-to-diameter ratio, H/D = 2.47 (Wang and Lade, 2001). These tall specimens were em-
ployed, because shear bands develop more freely and softening behavior is more pronounced in tall and
slender specimens. Extra steel lamellas and balsa wood strips were employed to increase the height of the
horizontal loading plates to match the 188 mm tall prismatic specimens. The bars connecting the two
horizontal loading plates were still positioned at mid-height, so there was no eccentricity of the horizontal
load. Both the horizontal loading plates and the cap and base were provided with lubricated surfaces to
avoid development of significant shear stresses between the loading plates and the specimen.

The experiments were conducted on dense, medium dense, and loose Santa Monica Beach sand with
void ratios of 0.63, 0.68, and 0.76 corresponding to relative densities of 90%, 74%, and 50%. All specimens
were tested with a constant effective confining pressure of ¢, = 49 kPa. Twelve drained tests were conducted
with constant b-values from 0 to 1.0 for each relative density.

3.2. Experimental results

3.2.1. Stress—strain characteristics

The stress—strain curves obtained from the true triaxial tests on tall prismatic specimens of dense sand
are shown in Fig. 13. The arrows on the stress—strain curves indicate the positions of the peak failure points,
and the number indicates the b-value. For » = 0 (triaxial compression), the stress—strain curve is essentially
flat over a relatively large range of strains near failure, and the slope at failure is zero. Considerable
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amounts of softening and strength reduction occurs after failure (not shown in Fig. 13, but indicated in Fig.
10), but shear bands were not observed until a major principal strain of two-and-a-half times the strain-to-
peak-failure had been reached.
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As b increases from 0 the stress—strain behavior becomes increasingly stiff and the strain-to-failure de-
creases. The strengths obtained at b = 0.10 and 0.15 are considerably higher than that at » = 0. The
strengths did not drop off after peak failure in these two tests until small amounts of post-peak softening
had occurred, as indicated in Fig. 13. After less than 0.5% post-peak straining was obtained, the rate of
strength reduction suddenly increased and soon reached its highest value. Shear bands were usually ob-
served when the strength was dropping at the highest rate. After considerable reduction in strength had
been obtained, the strength reduction slowed down, the shear bands became well-defined, and the strength
reached its residual state.

For the tests performed with b-values in the range of 0.20-0.80, it appears that the strengths drop
suddenly at points on the stress—strain curves where the specimens are apparently still being loaded, i.e. the
slopes of the curves are positive. There are no smooth peaks on the stress—strain curves obtained in those
tests. The peak points appear to represent points of instability occurring before smooth peak failure points
can be obtained. Visible shear bands were detected when the strengths were dropping at the highest rates.
The residual strengths were reached within 0.7% or less post-peak straining for the tests with b-values in the
range of 0.20-0.80.

The peak failure becomes smooth again at b = 0.90. However, for the test at b = 1.00, the slope of the
stress—strain curve prior to failure becomes steeper again and the vertical stress ratio (g} /g%) drops abruptly
at the peak. The specimen failed in the horizontal direction at » = 1.00, and it was traversed by vertical
shear planes parallel to the direction of the major principal stress, whereas vertical failure and shear planes
parallel to the intermediate principal stress direction always occurred in the tests with 5 = 0-0.90. Failure
occurred in the horizontal load-controlled direction at b = 1.00, because the specimens were produced by
dry pluviation in the vertical direction, and the consequent cross-anisotropic fabric was weaker in the
horizontal than in the vertical direction. The peak point and the post-peak stress—strain curve corre-
sponding to the vertical direction, as shown in Fig. 13, cannot represent the real peak strength and the real
softening response.

3.2.2. Friction angles
The friction angle is calculated from sin¢ = (o) — 03)(01 + 03), and Fig. 14 shows that it increases
continuously with increasing b-value until » = 0.15. It then remains essentially constant as b increases in the
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Fig. 14. Variation in friction angle with b-value for true triaxial tests on prismatic specimens of dense Santa Monica Beach sand with
ay, =49 kPa.
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range from 0.15 to 0.70. The friction angle increases slightly at b = 0.90, and then decreases slightly to
b = 1.0. The lowest friction angle is obtained at » = 0 and the highest friction angle is reached at b = 0.90.

3.3. Conditions for shear banding

Bifurcation, i.e. initiation of shear band formation, is the inevitable result of continued shearing under
conditions of uniform stresses and uniform strains: at some point, stress and strain states are reached which
allow a localized displacement field to satisfy equilibrium, compatibility, boundary conditions, and con-
stitutive relations (Rudnicki and Rice, 1975; Rice, 1976). This analysis procedure has been applied to study
the influence of the constitutive model on the predicted shear banding (e.g. Molenkamp, 1985) and to
investigate the conditions for shear banding under different three-dimensional stress conditions (e.g.
Rudnicki and Rice, 1975; Vermeer, 1982; Peters et al., 1988; Peric et al., 1992).

The results of bifurcation analyses for three-dimensional stress and strain states are a set of critical
plastic hardening moduli, H,., which, when normalized on the elastic Young’s modulus, E, vary with the
value of b as indicated schematically in Fig. 15. A stress—strain state with a hardening modulus less than the
critical hardening modulus can possibly produce shear banding.

The normalized, critical hardening modulus, H./E, at the point immediately before onset of shear
banding, has been computed for each of the true triaxial tests on tall prismatic specimens of dense, medium
dense, and loose sand. In this manner, the experimentally determined conditions for shear band formation
under three-dimensional stress conditions can be established, and the pattern may be compared with the
that shown in Fig. 15. The analysis required for this computation was presented by Lade and Wang (2001).

Fig. 16 shows the variation with b-value of H./E calculated immediately before onset of shear banding.
The range of b giving positive H./E is about 0.18-0.85. Negative values of H./E are obtained for b in the
ranges 0.0-0.18 and 0.85-1.0. The calculations for b = 1.0 are questionable, because failure in the cross-
anisotropic sand specimen occurred in the load-controlled horizontal stress direction and the real peak
point and post-peak stress—strain relation are not available. The variation of H,/E in the mid-range and for
high b-values compares well with that indicated by Rudnicki and Rice (1975) and shown in Fig. 15, and the
calculated magnitudes compare well with those given by Peters et al. (1988) for medium and high b-values.
However, the negative H./E-values obtained for small b-values are much smaller than those indicated by
these authors. The calculations of critical hardening moduli were found to be rather sensitive to the actually
measured slope of the stress—strain curves for low and high b-values, while they were more steady in the

® o
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Ho/E Y /\ Y
A "~
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Fig. 15. Schematic diagram of variation of normalized, critical hardening modulus with b according to Rudnicki and Rice (1975) and
Rice (1976).
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mid-range of b-values where shear banding occurred in the hardening regime. According to the experi-
mental evidence, shear banding causes failure in all experiments with 0.18 < b < 0.85, although it occurs
rather close to smooth peak failure for the tests with high b-values.

It can be concluded that the condition for shear band formation in a test with b in the range of 0.18-0.85
may be fulfilled in the hardening portion of the stress—strain curve, and the maximum strength which the
specimen could produce under homogeneous conditions will therefore not be reached. The greater the value
of the critical hardening modulus, the earlier the shear banding occurs before smooth peak failure. That is
why very limited variations of strength and strain-to-failure were obtained for b in this range. However, for
triaxial compression tests and tests at low b-values (b < 0.18) and at high b-values (b > 0.85), shear banding
occurs in the softening regime.

3.4. Comparison of strengths with three-dimensional failure criteria

The strengths from the true triaxial tests on tall prismatic specimens of dense sand are compared in Fig.
17 with those predicted by Lade’s failure criterion (1977) at ¢ = 49 kPa. The failure criterion is fitted to the
results of triaxial compression tests performed on short, cylindrical specimens, for which a complete set of
data for several confining pressures were available. This type of test with height-to-diameter of unity
typically produce slightly higher strengths than the tests on tall specimens, as also indicated in Fig. 17. For
b < 0.18 and b > 0.85, the peak strengths are not influenced by shear banding and the experimentally
determined strengths compare fairly well with the model predictions. However, this failure criterion does
not capture the variation of strength for 0.18 < » < 0.85. The strengths in this range cannot be fully
mobilized due to the influence of shear banding in the hardening regime. This implies that a smooth,
continuous three-dimensional failure surface generally is not be obtained for soils.

The failure points from the experiments on dense Santa Monica Beach sand are compared with Lade’s
failure surface and the Mohr—Coulomb failure surface in the octahedral plane in Fig. 18. It can be seen that
while the Mohr—Coulomb criterion always underestimates the three-dimensional strengths produced at b
greater than zero, Lade’s failure criterion models the strengths with fairly good accuracy, except in the mid-
range of h-values in which shear banding occurs in the hardening regime.
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Fig. 18. Experimental failure surface for true triaxial tests on prismatic specimens of dense Santa Monica Beach sand with ¢ = 49 kPa
compared with the Mohr-Coulomb failure surface and Lade’s failure surface.

4. Summary and conclusions

With background in the stability conditions proposed by Drucker and Hill, the stability of granular
materials which exhibit nonassociated flow has been investigated on the basis of experimental observations.
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Triaxial compression tests designed to expose the type of behavior exhibited by granular materials were
performed. The variables in these studies were the sign of the second work increment (positive or negative),
the volumetric strain behavior (compression or dilation), the constraints of the volumetric behavior (free or
controlled), and the degree of saturation (fully or partly saturated). It is shown that the conditions for
stability proposed by Drucker and by Hill are not necessary to guarantee stability of granular (frictional)
materials. However, when these criteria are violated, it is possible to create an unstable situation by pre-
scribing a constraint among the kinematic degrees of freedom (e.g. shear and volumetric strain). Conditions
for stability are indicated on the basis of experimental observations of the behavior of granular materials in
triaxial tests. The occurrence of instability involves small strains, and once it has been initiated it may lead
to liquefaction which requires large strains to fully develop.

Shear planes occur in granular materials that dilate. In triaxial compression they develop after peak
failure. The type of instability that manifests itself by shear plane development appears to be different from
the instability relating to a decrease in load carrying capability occurring inside the failure surface for
granular materials that contract during shear.

Shear banding, detected through the sudden strength reduction, initiates in the hardening regime of true
triaxial tests when b = (6, — 03) /(01 — 03) is in the approximate range of 0.18-0.85. Failure in these tests is
considered to be a consequence of shear banding rather than a constitutive response. To verify this, the
condition for shear band formation was examined for each test through the computation of the hardening
modulus prior to onset of shear banding. For b-values in the ranges from 0 to 0.18 and from 0.85 to 1.0,
negative hardening moduli were obtained, implying that conditions for shear band formation are fulfilled in
the softening regime. Therefore, failure occurs by smooth peak failure and as a continuum response in these
ranges. Positive values of the hardening modulus immediately before onset of shear banding was obtained
when b was in the approximate range of 0.18-0.85, indicating that the condition for bifurcation is fulfilled
in the hardening portion of stress—strain curve. Thus, peak failure is caused by shear banding in this middle
range of b-values, and a smooth, continuous three-dimensional failure surface is therefore not obtained in
general for soils.
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